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LIII. The Refolution of a General Propofition
for Determining the horary Alteration o
the Pofition of the Terrefirial Equator, from
the Attration of the Sun and Moaon: With
fome Remarks on the Solutions given by
other Authors to that difficult and impor-
tant Problem. By Mr. Tho. Simpfon,
FRS

Read Dec. 2z, CNINCE the time, that that excellent

1757- Aftronomer, my much honoured
friend Dr. Bradley, publithed his obfervations and
difcoveries concerning the inequalities of the preceflion
of the equinox, and of the obliquity of the ecliptic,
depending on the pofition of the lunar nodes, ma-
thematicians, in different parts of Europe, have fet
them{elves diligently to compute, from phyfical prin-
ciples, the effe@ts produced by the fun and moon, in
the pofition of the terreftrial equator; and to examine
whether thefe effets do really correfpond with the
obfervations

Two papers on this fubjet have already appeared
in the Philofophical Tranfa&tions ; in which the au-
thors have thewn evident marks of fkill and penetra-
tion. There i, neverthelefs, one part of the fubje&,
that feems to have been pafled over without a due de-
gree of attention, as well by both thofe gentlemen,
as by Sir Ifaac Newton himfelf.

‘This part, which, upon account of phyfical diffi-
culties, is indeed fomewhat flippery and perplexing,
I thall make the principal fubject of this efi’a}é
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GENERAL PROPOSITION,

Suppofing an bomogeneou: [phere OABCD (Fig. 1.)
revolving uniformly about 1:s centre, to be alicd on at
the extremity A of the rad s OA, in a direction AL
perpendicular to the plane ¢f ibe equator ABCD, and
parallel to the axis of rotaticz Pp, by a given jorce,
tending to generate a mew nintion of rotation at right
angles to the former ; It is propofed to determine the
change, that will arife in the direction of the rotation
in confequence of the faid force.

Fiac. 1.

Let F denote the given force, whereby the motion
about the axis Pp is difturbed, fuppofing f to repre-
fent the centrifugal force of a fmall particle of matter
in the circamference of the equator, arifing from the
fphere’s rotation ; and let the whole number of fuch
particles, or the content of the fphere, be denoted
by ¢: let alfo the momentum of rotation of the
whole fphere, or of all the particles, be fuppofed,
in proportion to the momentum of an equal number

VoL. 5o. Hhh of
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of particles, revolving at the diftance O A of the
temoteft point A, as 7 is to unity.

It is well known, that the centripetal force, where-
by any body is made to revolve in the circumference
of a circle, is fuch, as is fufficient to generate all the
motion in the body, in a time equal to zbat, wherein
the body defcribes an arch of the circumference,
equal in length to the radius. Therefore, if we here
take the arch AR=0A, and aflume m to. exprefs
the time, in which that arch would be uniformly
defcribed by the point A, the motion of a particle
of matter at A (whofe central force is reprefented
by /) will be equal to #bat, which might be uniformly
generated by the foree £, in the timie 7; and the mo-
tion of as many particles (revolving, all, at the fame
diftance) as are exprefled by ¢z (which, by hypethe-
fis, is equal to the momentum of the whole body),
will, confequently, be equal to the momentum, that
might be generated by the force f'x¢#, in the fame
time m. Whence it appears, that the momentum of
the whole body about its axe Pp is in. proportion to
the momentum generated in.a.given particle of time
m', by the given force F in the diretion AL, as

. ! . F m!
ncfxm is to Fxm', or, as unity to '—'fo’-; (be-
caufe the quantities of motion produced by unequal

forces, in unequal times, are in the ratio of the forces
and of the times, conjunctly). Let, therefore, AL be
7/

. . E m . .
taken in proportion to A M, as w7 Ko 18 to unity

(fuppofing AM to be a tangent to the circle ABCD
in A), and let the parallelogram AM NL be com-
pleated ; drawing alfo the diagonal AN ; then, by

the
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the compofition of forces, the angle NAM (whofe
tangent, to the radius O A, is exprefled by O Ax
;z—?f x;n"i) will be the change of the direction of the
rotation, at the end of the aforefaid time (). But,
this angle being exceeding fmall, the tangent may be
taken to reprefent the meafure of the angle itfelf;
and, if Z be aflumed to reprefent the arch defcribed

by A, in the fame time (m') about the center O, we

{hall alfo have %’f:%ﬁ-—_—.;\%, and confequently

oA x-Lx U . From whence it appears,
ne m ne -

that the angle exprefling the change of the direGion
of the rotation, during any fmall particle of time,
will be in proportion to the angle defcribed about
the axe of rotation in the fame time, as ’-'%. is to
unity. R.E. L

Altho’, in the preceding propofition, the body is
{uppofed to be a perfeét fphere, the folution, never-
thelefs, holds equally true in every other {pecies of
figures, as is manifeft from the inveftigation. It is
true, indeed, that the value of » will not be the
fame in thefe cafes, even fuppofing thofe of ¢, f
and F to remain unchanged; except in the fphe-
roid only, where, as well as in the fphere, 7z will
be = %; the momentum of any fpheroid about its
axis being 2-gths of the momentum of an equal
quantity of matter placed in the circumference of
the equator, as is very eafy to demonftrate.

But to thew now the ufe and application of the
general proportion here derived, in determining the
regrefs of the equinoial points of the terreftrial

Hhh 2 {pheroid,
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fpheroid, let AEaF (Fig. 2.) be the equator, and
P  the axis of the {pheroid : alfo let HE CF repre-
fent the plane of the ecliptic, S the place of the fun,
and HAPNH the plane of the fun’s declination,
making right-angles with the plane of the equator
AEaF: then, if AK be fuppofed parallel, and
OK M perpendicular, to OS, and there be affumed
T and ¢ to exprefs the refpective times of the annual
and diurnal revolutions of the earth, it will appear
(from the Principia, B. I1L. prop. xxv.) that the
force, with which a particle of matter at A tends
to recede from the line OM in confequence of the

fun’s attra@ion, will be exprefled by 3 TT 5 Ax fs

f denoting the centrifugal force of the fame particle,
arifing from the diurnal rotation. Hence, by the

refolution of forces, gf;_x ?)Ii 815\ X f will be the

effe@ of that particle, in a direction perpendicular to
QA, to turn the earth about its center Q.

Fic. 2.
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But it is demonftrated by Sir Ifaac Newton, and
by other authors, that the force of all the particles,
or of all the matter in the whole fpheroid As’ ap, to
turn 7¢ about its center, is equal to $th of the force
of a quantity of matter, placed at A, equal to the
excefs of the ‘matter in the whole {pheroid above
that in the infcribed fphere, whofe axis is Pp. Now
this excefs (affuming the ratio of # to 1, to exprefs
that of the area of a circle to the {quare of the radius)
will be truly reprefented by "-’-éf-x OPx0OA*—OP3
and, confequently, the force of all the matter in the
whole earth, by 3£ x AR K it OPx OO,

YYVTTTOATOA 15 7 M.
Let, therefore, this quantity be now fubftituted for
F, in the general formula ;5—, writing, at the fame

7
time, X x OA*x OP, and %, in the place of their

equals ¢ and 7; by which means we have (here)
F 31+ OA*—OP* AKXOK

rF =TT oK X O& Put the given
. A*—OP* .
quantity 23,;;. x 2 oA =+#; and let the angle

E Ae¢ reprefent the horary alteration of the pofition
of the terreftrial equator, arifing from the forece F
(here determined), and let the arch Ee be the re-
grefs of the equinoctial point E, correfponding there-
to: then, in the triangle E A ¢ (confidered as fpheri-
cal) it will be fin.e : fin. AE (:: fin.EAe: fin. E¢)
.:EAe: Ee (: fin, ?{f)éEAe) —2 ><ﬁn.AE %

fin. E
AKxOK fin.AExcof., AH xfin.AH .
W“kx iin. E . But in

the triangle EHA, right-angled at A (where HA is.
fuppoled
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fuppofed to reprefent the fun’s declination, AE his
right afcenfion, and HE his diftance from the equi-
noctial point E *) we have (per fpherics)

fin. AE : 1 (rad.) : ¢ co-t. E: co-t. AH,

fin, AH?:fin. EH' :: fin, E'* : 12(rad'?)
From whence we get, fin. AE x co-t. AH x fin. AR
= fin, EH? x co-t. E x fin. B2  But co-t. AH x
fin. AH = co-f. AH x 1 (rad.), and co-t. E x fin. E
= co-{.E x 1 (rad.): therefore fin. AE x co-fL AH

x fin. AH = fin. EH? x co-{. E x fin. E; and, con-

fin. AEx co-f. AH x fin. AH
= mE ——— =#xcoLE

{fequently, % x
xfin.EH” (=Ee).

Let, now, the fun’s longitude EH be denoted by
Z (confidered as a flowing quantity) ; then, fin. Z'*
being = +— 1 co-{. 2 Z, we fhall have % x co-{. E x
fin. EH* =tk x co-f.E x 1—co-f.27Z. Baut the
angle defcribed about the axe of rotation Pp, in the
time that the fun’s longitude is augmented by the par~
ticle z, will be = Z;x Z. 'Therefore (by the general
propofition) awe have, as1: £ kxco-f.Ex1—co-f.2Z
:s ;xizgak.x-;- xco-lL E xZ — Z co-f. 2 Z,
the true regrefs of the equinocial point E, during

* No .error arifes from confidering the triangles E Ae and
AEH, as being formed on the furface of a fphere, tho’ the earth
itfelf is not acqurately fuch. The angle (E A @) reprefenting the
effect of the folar force, is properly referred to the furface of a
dphere ; therefore (after the meafure thereof is truly determined)
the figure APap is itfelf taken as a fphere, in order ¢o avoid
the troyble of introducing a new {cheme,

that
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that time: whofe fluent, & £ x -;I-'-x co-LE x Z —

ifin. 2 Z, will confequently be the total regrefs of
the point E, in the time that the fun, by his apparent
motion, defcribes the arch HE or Z ; which, on the
fun’s arrival at the folftice, becomes barely = g & x

—T—xco—f..E- x an arch of go°: the quadruple where-
0A’—OP¥

O A*

of, or § £ x-;r-x co-f. E x 360° (—_-f-%x

x co-f. E x 360°) is therefore the whole annual pre--

ceffion of the equinox caufed by the] fun, This,.

in numbers (taking gfi = :——;2), comes Out.-&-gm X.
2 " ettt

5301 ¥ 0.917176 x 3600 = 21" 6"

The very ingenious M. Silvabelle, in his effay on
this fubject, inferted in the 48th volume of the Phi-
lofophical Tranfactions, makes the quantity of the an-
nual preceffion of the equinox, caufed by the fun, to
be the half, only, of what is here determined. But
this gentleman appears to have fillen into a twofold
miftake, Firft, in finding the momenta of rotation
of the terreftrial fpheroid, and of a very flender ring;
at the equator thereof ; which momenta he refers
to an axis perpendicular to the plane of the fun’s
declination, inftead of the proper axe of rotation,
ftanding at right angles to the plane of the equator.
The difference, indeed, arifing from: thence, with
refpect to the fpheroid (by reafon of its near approach
to a {phere) will be inconfiderable; but, in the ring,
the cafe will be quite otherwife; the equino@ial
points thereof being made to recede juft twice as faft

4 as
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as they ought to do. This may feem the more
ftrange, if regard be had to the conclufions, relating
to the nodes of a fatellite, derived from this very
aflumption. But, that thefe conclufions are true, is
owing to a fecond, eor {ubfequent miftake, at Art.
27 ; where the meafure of the fun’s force is taken
the half, only, of the true value; by means whereof
the motion of the equinoctial points of the ring is
reduced to. its proper quantity, and the motion of
‘the equino&ial points of the terreftrial fpheroid, to
the half of what it ought to be.

That expert geometrician M. Cha. Walmfley, in
his Effay on the Preceffion of tbe Equinox, printed
in the laft volume of the Philofophical Tranfa&ions,
has judicioufly avoided all miftakes of this laft kind,
refpecting the fun’s force, by purfuing the method,
pointed out by Sir Ifaac Newton ; but, in deter-
mining the effet of that force, has fallen into others,
not lefs confiderable than thofe above adverted to.

In his third Lemma, the momentum of the whole
Earth, about its diameter, is computed on a fuppo-
fition, that the momentum or force of each particle is
proportional to its diftance from the axis of motion,
or barely as the quantity of motion in fuch particle,
confidered abftraltedly. No regard is, therefore, had
to the lengths of the unequal levers, whereby the par-
ticles are fuppofed to receive and communicate their
motion: which, without doubt, ought to have been
included in the confideration.

In his firft propofition, he determines, in a very
ingenious and concife manner, the true annual motion
of the nodes of a ring (or of a fingle fatellite) at the

earth’s equator, revolving with the earth itfelf, about
its
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its center, in the time of one fiderial day. This mo.
50 7
tion he finds to be =32 C°:‘r:g. 22 x 3 = ziX360° Then,
inorder to infer from thence, the motion of the equi-
-no&ial points of the earth itfelf, he, firft, diminifhes
that quantity, in the ratio of 2 to §: Becaufe (as is
demontftrated by Sir Ifaac Newton in his 2d Lemma)
the whole force of all the particles fituated without the
furface of a fphere, infcribed in the {pheroid, to turn.
the body about its center, will be only 2«5ths of the.
force of an equal number of patticles uniformly dif-.
pofed round the whole circamference of the equator,

. . : s [300-L23%29"
in the fathion of a ring. The quantity ( =

2 I 0 oo ar a1 .
X ¢ X 2273 X 360 ) thus arifing, will, thetefore, ex-

prefs the true motion of the equino@ial points of a
ring, equal in quantity of matter to the.excefs of the
whole earth above the infcribed fphere, when the forca
whereby the ring tends to turn about its diameter is
fuppofed equal to the force whereby the earth itfelf
tends to turn about the fame diameter, in confequence
of the fun’s attraction, Thus far our author agrees
with Sir Ifaac Newton; but, in.deriving from hehee
the motion of the equinoctial points of the earth itfelf,
he differs fromhim ; and, in the corollary to his third
Lemma, affigns the reafons, why he thinks Sir Ifaag
Newton, in this particular; has wandered a Jittle from
the truth, Inftead of diminifhing the quantity above
exhibited (as Sir Ifaac has done) in the ratio of all the
motion in the ring to the motion in the whole earth,
he diminifhes it in the ratio of the motion of all the
matter above the {urface of the infcribed fphere to the
motion of the whole earth: which matter, tho’ equal

Vor. so. Iii w0
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to that of the ring, has neverthelefs a different mo-
mentum, arifing from the different fituation of the
particles in refpet to the axis of motion.

But fince the aforefaid quantity, from whence the
motion of the earth’s equinox is derived, as well by
this gentleman, as by Sir Ifaac Newton, exprefies truly
the annual regrefs of the equinofial points of the
ring (and not of the hollow figure formed by the
{aid matter, which is gfeater, in the ratio of 5 to 4)
it feems, at leaft, as reafonable to fuppofe, that
the faid quantity, to obtain from thence the true
regrefs of the equinoClial points of the earth, ought
to be diminithed in the former of the two ratios
above fpecified, as that it fhould be diminifhed in the
latter. But, indeed, both thefe ways are defetive,
even fuppofing the momenta to have been truly
computed ; the ratio, that ought to be ufed here,
being that of the momenta of the ring and earth
about the proper axe of rotation of the two figures,
ftanding at right-angles to the plane of the ring and of
the equator. Now this ratio, by a_very eafy com-
putation, is found to be as 230*—22¢'* to 2 of 230'%;
whence the quantity fought comes out = -3&;;%:—22-

1 —'-2—_’;-01" —;;-f?" n.gn, 4 :
xsmx YT 360°= 21"6": which is the
fame that we before found it to be, and the double
of what this author makes it,

What has been faid hitherto, relates to that part
of the motion only, arifing from the force of the fun.
It will be but juftice to obferve here, that the effect of
the moon, and the inequalitics depending on the
pofition of her nodes, are truly affigned by both the

gentlemen
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gentlemen above-named; the ratio of the diameters of
the earth, and the denfity of the moon being fo af-
fumed, as to give the maxima of thofe inequalities,
fuch as the obfervations require: in confequence
whereof, and from the law of the increafe and decreafe
(which is rightly determined by theory, tho’ the
abfolute quantity is not) a true folution, in every other
circumftance, is obtained.

The freedom, with which I have exprefled myfelf,
and the liberty I have here taken, to animadvert
on the works of men, who, in many places, have
given inconteftible proofs of fkill and genius, may,
I fear, ftand in need of fome apology. ’Tis pofiible
I may be thought too peremptory. Indeed, I might
have delivered my fentiments with more caution and
addrefs : but, had not Iimagined myfelf quite clear
in what has been advanced, from a multitude of con-
current reafons, I fhould have thought it too great
a prefumption to have faid any thing at all here, on
this fubjet. The great regard I have for this So-
ciety, of which I have the honour to be a member,
will, I hope, be confidered as the motive for my
having attempted to rectify fome overfights, that
have occurred in the works of this learned body.

1ii2 LIV.



